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Abstract 

We analyze the behavior of a Brownian particle moving in a double- 
well potential. The escape probability of this particle over the poten- 
tial barrier from a metastable state toward another state is known 
as the Kramers problem. In this work we generalize Kramers' rate 
theory to the case of an environment always out of thermodynamic 
equilibrium reckoning with non-Markovian effects. 



I Introduction: Met ast ability and fluctuations 



We consider a Brownian particle immersed in an environment (e.g., a fluid) 
under the influence of an external potential. Due to the environmental 
fluctuations the escape rate of this particle over the barrier separating two 
metastable states -in a double-well potential, for instance- is known as the 
Kramers problem [T], [2] , even though the rate theory has been already tack- 
led by van't Hoff and Arrhenius as late as 1880 [2J. For many years this 
phenomenon has had various applications in physical, chemical, astronomi- 
cal, and biological systems [H [21 [3|, H] . Originally, Kramers [Tj investigated 
the Brownian movement in a reservoir at thermodynamic equilibrium tak- 
ing into account only Markovian effects. He also worked out a method for 
calculating the escape probability from a Fokker-Planck equation (nowadays 
known as the Kramers equation) associated with a given set of Langevin 
equations. Even then, several generalizations of this Kramers' pioneering 
work have arisen in the literature with experimental verifications [21 El El E] , 
e.g., in Josephson junction measuring the decay of the supercurrent. 

In the theory of escape rate non-Markov and/or nonequilibrium features 
are commonly introduced through memory effects contained in the friction 
kernel present in generalized Langevin equations and using either the Fokker- 
Planck equation found by Adelman and Mazo [7] or a non-Markovian Smolu- 
chowski equation or yet using the Fokker-Planck equation in energy pic- 
ture [H] . The equilibrium Kramers rate using only the non-Markovian gener- 
alized Langevin equation is investigated in [10]. In nonequilibrium situations 
the Kramers theory has been also studied in Markovian open systems with 
oscillating barriers [11], as well as in periodically driven stochastic systems 

It should be remarked that a feature common to all above approaches is 
that the mean value of the stochastic term present in the Langevin equations 
is zero. Following a diverse way, in the present paper we propose a general- 
ization of the Langevin equations and construct the respective Fokker-Planck 
equation. In this context we evaluate the Kramers escape rate away from 
the equilibrium taking into account non-Markovian effects related to differ- 
ent time scales inherent in the Brownian dynamics. As recently pointed out 
by Pollak and Talkner [13] these topics are still poorly understood despite 
their ongoing relevance for rate theory. 
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Our paper is organized as follows: 

I. Introduction: Metastability and fluctuations 

II. Generalizing the Langevin approach 

III. Our Fokker-Planck equation 

IV. Kramers rate: nonequilibrium and non-Markov 

V. Summary and perspectives 

Appendix A: Derivation of our Fokker-Planck equation [Eq.(12)] 
Appendix B: An example 



II Generalizing the Langevin approach 

As a physical model of a stochastic process we consider a particle with mass 
m immersed into an environment. This particle undergoing a Brownian mo- 
tion is characterized by the stochastic position X — X(t) and the stochastic 
momentum P = P{t), while the environment is specified by a random vari- 
able \I' = ^'(t). Such physical quantities could be intertwined through the 
relations 

dX 

X^Q + AQ ; P-rn—, (1) 

where AQ = abi{t)'^{t), t being a parameter, called time, and a a dimen- 
sional constant such that AQ has dimension of length, d/dt denotes a differ- 
ential operator acting upon X, and h\{t) a time-dependent parameter mea- 
suring the strength of the environment effects upon the particle. We define 
it as being 

&i = m = fm')W))dt\ (2) 

where the mean 

/ / Jip{t'mt")DxP^{x,p,iP,t)dxdpd'il;^ 

J ilj{t')iP{t")D^{iP,t)diP 

is calculated in terms of the joint probability density function Dxp-^ix, p,ip,t) 
or the probability density D-qilipjt). 

One assumes the motion of the Brownian particle moving in an external 
potential V{X) to be described by the stochastic differential equations in 
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phase space {X,P), known as Langevin's equations 

dP rfF 7 „ , . dX P 
dt dX m dt m 

where — 7-P/ m denotes a (memoryless) frictional force activating the particle 
motion. There \l/ has the statistical properties 

{^{t')^{t")) = 2D^/'^5{t" - 1') ■ {^) = 0, (4) 

making the stochastic process Markovian. 5{t" —t') is the Dirac delta function 
and D is a constant - to be determined by the physics of the problem - such 
that hi^i = D^f^ in Eq.(3) has in fact dimension of newton. 

It is important to note that as the environmental parameter does 
vanish, the stochastic quantities P and X reduce to the respective determin- 
istic values p = mdq/dt and x = q, provided Dxp{x,p) = 6{x — q)S{p — p'). 
Physically, that means that the initially open system becomes isolated from 
its environment and turns out to be described by Newton's equations 

dp dV{x) p dx p ,^ 

dt dx ^ m ^ dt m 

For this reason one says that the Langevin equations (3) are a generalization 
of Newton's equations (5). 

In the literature [2] the non-Markovian character is introduced by means 
of the following statistical properties of 

= {D/tiy/''e-^'"-''^/'^ ; (^) = 0, (6) 

where t" > t' and tc is the correlation time between the Brownian particle 
and its environment. One takes into account a memory friction kernel in the 
Langevin equations (3): 

dP dV ft ^, ^P{t) , , , dX P 

- (3{t-T)^^dT + h^m ■ — = -. (7) 



dt dX Jo m dt m 

Both the frictional kernel (3{t — t) and the fluctuating function are 
coupled by means of the dissipation-fluctuation theorem [15] 

{^>{t')m{t")) = KBT(3{t-T). 
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Physically, such a theorem assures that the Brownian particle will always 
attain the thermal equilibrium of the heat bath characterized by Boltzmann's 
constant kb and the temperature T. As — r) = 2'y6(t — r) and the 
correlation time tc tends to zero, i.e., tc — >■ 0, the expression (6) reduces to 
(4) while (7) reproduces (3). Thereby, the stochastic dynamics (7), along with 
the statistical properties (6), are called the generahzed Langevin equations 

In the present paper our purpose is to make another extension of the 
Langevin approach. To begin with, we hold the definition of X in (1) and 
generalize the stochastic momentum P = dX/dt according to 

P = P + AP, (8) 

where AP = —mb2{t)'^{t), with &2(i) defined as 

b2 = b2{t) = f{^{t'))dt'. (9) 
Jo 

Accordingly, the Langevin equations (3) turn out to be written as 

= - -±p + h^m ■ =- + h2^, 10 

dt dX m dt m 

in phase space (X, P) , with 

(^(t')^(t")) = {D/tiy/^e'^'"-'"^/'^ ; (^) = (C/^^)^/3e-*'/*^ (11) 

As the constant C vanishes, we recover from (10) the usual Langevin equa- 
tions (3) as a special case. In short, equations in (10), together with (11), 
are our generalized Langevin equations. 



Ill Our Fokker— Planck equation 

Considering a Brownian particle in a harmonic potential V = kx'^/2, Equa- 
tions (10) and (11) generate the following Fokker-Planck equation in phase 
space {x, p) (for details, see Appendix A) 

dt dx dp 2 dx"^ dxdp 2 dp"^ ' 
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where 

T ^ T{x,p,t) ^ j Dxpn,{x,p,ijj,t)dip. 

The quantities 

A, = ip/m) + {C^ lt,fl\e-'l'^ - 

and 

= -kx - {^/m)p+{CD/t,)^'\e-'''^ - e'^*/*^) 

are the drift coefficients, whereas the time-dependent diffusion coefficients 
are given by 

A^^ = (C^D)V3(i _ e-*/*=)^ 
A,,^{D'Cf/\l-e-"''^f, 

and 

Combining A^x-, A^p, and App we notice that they satisfy the relation 

\J~AxxApp — Axp. (13) 
Moreover, on replacing the Maxwell-Boltzmann (MB) distribution 

p) ^ 1 ^-{py2mnsT)^-ikxy2.sT) /i4N 

into our Fokker-Planck equation (12) it is too easy to verify that (14) cannot 
become its solution. This means that our stochastic process, described by 
(10-12), holds always away from the thermal equilibrium. That leads us to 
think that the physical meaning of the relation (13), which is a consequence 
of our assumption (^') 7^ in (11), is connected with nonequilibrium char- 
acteristics underlying the environment. In fact, as C = the constraint (13) 
is broken up and our generalized momentum P in Eq.(8) becomes equal to 
P. Consequently, Eq.(12) reduces to the non-Markovian Kramers equation 
in phase space {x,p) 



dT p (9jF d 
dt m dx dp 



—kx — —p ] T 
m 



D{1 - f 

2 'dpi 



(15) 



In the Markovian steady regime characterized by i ^ tc, or formally — 0, 
the MB distribution (14) with p — p turns out to be a solution to (15), thereby 
determining the diffusion coefficient as being equal to A^ — D — 2jkbT. 
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On the other hand, inserting J-'{x,p,t) = f{x,t)S{p) into (12) and taking 
into account the high friction condition 

7— = —kx, 
m 

obtained from Newton's equations (5) on neglecting inertial effects {\dp/dt\ <S 
|7p/m|), we arrive at the non-Markovian Smoluchowski equation in position 
space 

where 

K:{x,t) = -fcx + 7(CVte)'/'(e-*/*= - e-2*/*=). 

Replacing (14) into (16) we obtain A^x = '^^kbT/'J in both stationary and 
Markovian regimes. 

Considering V = and C = from our equation (12) we derive the 
non-Markovian Rayleigh equation in p-space [16] 



= md-p^P'^P^'^^ + 2 9^^^^'^)' 

with 

gip,t) = J Dxp{x,p,t)dx. 



From the mathematical viewpoint we note that we can derive the Kramers 
equation (15), the Smoluchowski equation (16), and the Rayleigh equation 
(17) as special cases of our equation of motion (12). Physically, that means 
that all the physics encapsulated into these equations of motion (15), (16), 
and (17) are in principle contained in our Eq.(12). 

IV Kramers rate: Nonequilibrium and non- 
Markov 

In order to provide a physical significance to our equation of motion (12) 
we are going to evaluate the Kramers rate. This problem consists on calcu- 
lating the escape probability of a Brownian particle over a potential barrier 
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in a presence of an environment away from equilibrium and having non- 
Markovian features. 



We follow the Kramers' approach [H [121 [IZJ dB] for calculating escape 
rate. We start with the non-Markovian Kramers equation (15) and derive 
a stationary equation as we assume that during a given fixed time interval 
t = At for observing the Brownian particle, the function JF can be factorised 

as 

T{x,p,t)=e'"/"'F{x,p)\t=Ar. (18) 
Inserting (18) into (15) leads to the stationary Kramers equation 



p dF d 
m dx dp 



-kx 



1 
m 



H F 

2 



0. 



(19) 



After the change of variable according to 

^ = p — ax 

Eq.(19) turns into 

d^F _ _.^dF_ 



where 



A 



2(a-7) 



mD{l - e-^^/*=)' 
Solution to (21) is given by [after using condition F(^ = oo) = 1] 



provided A > 0, i.e., 



(20) 



(21) 



(22) 



(23) 



(24) 



Following Kramers p] and using (23) we build up the following function 

W{x,p) = e-/3[(pV2m)+y{..)]^(^ = p-ax), (25) 
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where the parameter (3 has dimension of 1/joule, so that the exponential in 
(25) is dimensionless. [Notice that on account of the temperature concept 
cannot generally be defined in nonequilibrium situations we could not employ 
the thermodynamic identity j3 = 1/kbT]. From (26) and (27) we notice that 
P should be restricted to the values < /3 < oo. 

In a double-well potential V{x) the barrier top is located at point Xb, 
whereas the metastable wells are at Xa and Xc, with Xc > Xa such that 
V{xa) = V{xc) — 0. To find out the probability current (flux) over the 
potential barrier located at x — x^, i.e., 

/+00 p 
W(x = Xb,p)—dp, 
-oo m 

we expand V{x) and ^ about Xb'. 

V{x) ^ V{xb) - {mujl/2){x - Xb)\ 

and 

^ = P — (l{x — Xb). 

ujb is the oscillation frequency over the barrier. Consequently, using (25) we 
find the probability current 

with a in (24) and (22) given by 



The number of particles z/^ in the metastable state around Xa can be 
calculated with (25) in the limit ^ ^ 00 as being 

Ua = e-^[(f'/2"^)+('=«^'/2)]^^^^ ^ ^ (27) 

J— 00 J—oc ^aP 



9 



Using (26) and (27) we derive the nonequilibrium and non-Markov escape 
rate 



Physical regimes related to the time scales Ar (observation time) and tc 
(correlation time): 

i) For Ar = tc, the non-Markovian, non-equilibrium escape rate is given 
by (28) with 

mD ' 

ii) while for Ar -C tc {tc — >■ oo), the system holds highly non-Markovian 
at non-equilibrium situation having the rate (28) with 

2te(a-7). 
mDAr 

iii) for Ar » tc {tc — > 0) the Markovian regime is attained along with 
the equilibrium state. In this context, (3 = 1/ kbT and the diffusion constant 
can be calculated as being D = 2'-)KbT. Thereby, from (28) we obtain the 
well-known Markovian Kramers rate at thermodynamic equilibrium 



r = ^" 

27rmujb 



I 9 2 ^ 

+ "^^6 - 2 



Now we want to extend Kramers' approach to our Fokker-Planck equation 
(12). To this end, we assume again the function 

T{x,p,t) = e^*/"'F(x,p) 

to be a solution to Eq.(12) during a fixed time interval Ar (a time of obser- 
vation). As above we perform the variable change ^ — p — ax and derive the 
following ordinary differential equation from (12) 

^^-(^-B)f. (30) 
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where 

_ 2(a - 7) . ^_ 26(Ar)[l + a(C/D)V3] ^ ^^^^ 

m ( aVA^ + \/^) ( + ^/^4^ 

with 

^__^£,(l_e-^-/*=), 

and _^ 

a = - ^ 7 ± \Jj^ — 4mA; ^ . 

Solution to (30) is given by [after using condition = oo) = 1] 



^^^^ = ( ^) /-I (32) 

provided ^ > 0, i.e., 

a = ^ 7 + ^72 -4mA;^ , A; > 0. (33) 

We build up the function 

>V(x,p) = e-'^l(^^'/2'")+^(^)lF(e = p - ax). (34) 



As supposed above, let the Brownian particle be to move in a double-well 
potential V{x), in which the barrier top is located at point Xh, whereas the 
metastable wells are at Xa and Xc, with Xc > Xa such that V{xa) — V{xc) — 0. 
In order to find the fiux over the potential barrier located at x — x^, 

/+00 
W{x = Xb,p){p/m)dp, 
-00 

we expand V{x) and ^ about Xb. 

V{x) ^ V{xb) - {mujl/2){x - Xb)\ 
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and 

After inserting (34), with (32) and (33), into jb we find 
p \ Am + P J 

while the number of particles Ua in the metastable state around Xa is given 

by 



= / ~ / " e-^[(^'/^"^)+('=«^'/2)ldpda; = fc„ = ma;2. (36) 

^ — oo J — oo /jCi^rt 



With jb and i^a we obtain then the nonequilibrium and non-Markovian 
escape rate in the stationary regime 

^"^^-^„-27rlv>lm + /3j ' ' ' ^^^^ 

where ^ and B are given by (31) with 

On account of the exponential term the performance of the escape rate (37) 
is thoroughly controlled by the nonequilibrium parameter [As C = 0, our 
rate (37) reduces to Eq.(28)]. 



In the Markovian limit, tc 0, Eq.(37) leads to 



J- neq — — 



2(a - 7) 



1/2 



27r 



^ 2(a - 7) + /? a^C'Dy/^ + j 



(38) 



whereas for C = 0, D = 27KbT, and (3 = {1/kbT) our result (37), via (38), 
reproduces the Markovian escape rate (29) found by Kramers for a Brownian 
particle immersed in a thermal reservoir at thermodynamic equilibrium. 
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Comparing our result (38) with (29) we arrive at the relation 

^"eq ^ '^^b 1 __^V{x,){1-PkbT)/kbT 



^eq V2(«-7)^2(a-7)+/3(ay(C^W^) 



(39) 

As /3 < 1/k.bT our nonequilibrium rate Fneq is enhanced in comparison with 
the equilibrium Kramers rate Feq. On the contrary, for /3 > 1/kbT we find 
Tneq < Teq. 

Although our escape rate Fneq (38) cannot be defined for /3 = we 
may conjecture about the mathematical behavior of Fneq/Feq as /3 — > 
corresponding to the extreme physical situation (3 <^ 1/kbT. Prom (39) we 
obtain then the result 

Tneq _ 2mwb ^v{x^)IkbT 



Teq ^J-f'^ + ArTn?ujl - 7 

which leads to 



Teq 2mujb 



for 7 ^ 2muJi, (or formally 7 — > 00) , and to 



Teq 



for 7 — > (or physically 7 <^ 2mujb). By considering the case 7 = 2mu!},, 
from Eq.(40) we derive 

^ = (1 + x/2)e^(^'')/'^«^. (43) 
Teq 



By comparing (37) with (38) we can evaluate the influence of the non- 
Markovian effects on escape rates out equilibrium. The exponential term 

^-f3B^/2A(Am+P) 

therefore does account for diminishing the probability of escape in the non- 
Markovian regime. 
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Before closing this section we want to emphasize that our general escape 
rate (37) has been obtained in the aftermath of the hypothesis (\E') 7^ 
assumed in Eqs. (10-12), noticing that t is the evolution time of the Brownian 
particle immersed in a fluid, At denotes an observation time necessary to 
detect generally nonequilibrium physical properties at the stationary state, 
and tc the correlation time responsible for non-Markovian features. 

V Summary and perspectives 

In this paper we have investigated the metastability phenomenon in the pres- 
ence of fluctuations. In Section II we have obtained the generalized Langevin 
equations (10) on the basis of an extension of the stochastic momentum (8) 
taking into account the nonvanishing average value of the random function 

In Section III we have built up a Fokker-Planck equation [Eq.(12)] from 
which we have found out the non-Markovian escape rate away from the equi- 
librium (37). As compared to the equilibrium rate our result (39) predicts 
that the probability of escape may decrease or increase in the nonequilibrium 
regime. The parameter (3 controls the performance of such escape rate. 

Throughout our article we have deemed the stochastic system to hold 
at a nonequilibrium state even in steady situations. Which of many possi- 
ble physical mechanisms is responsible for approaching it to the equilibrium 
state? The Markovian character, i.e., as the correlation time tc is too tiny in 
comparison with the observation time At, seems to be a strong criterion to 
attain the equihbrium state, provided in our result (38) the constant C does 
vanish. It is worth remembering that C has been introduced in Eq.(ll) for 
(VP) ^ 0. 

Quantum and nonlinear effects of the potential barrier will be studied 
in a forthcoming work [19] . We hope thus our present approach could con- 
tribute to the formulation of a general theory of escape rate and stimulate 
experimental researches in the area of non-Markovian escape rate in systems 
away from thermal equilibrium. 
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Appendix A: Derivation of our Fokker— Planck 
equation [Eq.(12)] 

In this appendix we want to show in somewhat details how we could explicitly 
construct the Fokker-Planck equation (12) from the system of stochastic 
differential equations 



at aX m at m 

Equations (44) yield the results 



and 

m \ aX m J m m Jt Jt 

t+At 

h{t'){^{t'))dt'. (46) 



Using AP = Pit + At) - Pit) and AX = X(t + At) - X(t) we calculate the 
following quantities 



= lim ^— ^ = — L o , K_ / 

^ At^o At dX m 



1 ft+At 

^^A^o Ail (47) 



App= lim ^ _2 ^ + lp\ r'^\^it'){^it'))dt' + 

At^o At \ dX m J At^oJt ^ ^ ^' 

1 i-t+At i-t+At 

A^oXtl I b,{t'Mt")m'Mt"))dt'dt", (48) 



= hm i-/ = - + - hm / / hit')m'))dt'ds + 
At^o At mm At^o Jt Jt 

rt+At 



hmj^ hit'){^it'))dt\ (49) 
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A,, = lim ii^^ ^ + /2 + /3 + (50) 



with 

2P /-t+At (-s 



^1 = — / / (51) 

m'^ Jt Jt 

h = — h2{t'){^{t'))dt', (52) 

l3 = —hmj^ / j^Ht')hi{t"){^{t')-^{t"))dt'dt"drds, (53) 



O /-t+At /-t+At /-s 

74 = -lim/ / h{t')b2{t"){^{t')^{t"))dt'dt"ds, (54) 

/•t+At /-i+At 

h= / 6i(t')&2(t")(^(0^(^"))(^^'(^^", (55) 

Jt Jt 



and 

Urn ^^^^ = ^1 + 6 + 6 + ^4 + 6, (56) 

where 

p rt+At 

6 = -/^ 6i(0(*(0X (57) 

6 = — + / / h{t')m'))dt'ds, (58) 

m \ dX m Jt Jt 



Ct+£\t rt+lAt rs 

= - t\ a7 / / / h{t')h{t''){mW))dt'dt''ds, (59) 

m At^o At Jt Jt Jt 

P rt+M 

6 = — / h2{t'){^{t'))dt' (60) 

1 rt+At rt+At 

6 = jim — I b,{t')b,{t''){mnt''))dt'df. (61) 



After using our definitions 
{^{t')^{t")) = (D/t2)V3g-(*"-t')Ac. ^ (C/t2)i/3g-<'/tc^ (62) 
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and 



b, = [\^i/{t')^{t"))dt" = {Dt,y/^{1 - e-*/*=), (63) 
Jo 

62 = [\^{t'))dt' = (C^c)'/'(1 - e-*/*^). (64) 

JO 

into (47-50) and (56) we obtain our Fokker-Planck equation (12) with the 
coefficients 

A. = iP/m) + i (e-*/*= - e-^*/*i, (65) 

1 /3 

Ap- = - ( ^) p + ( ^) (e-*/*= - e-2*/*=), (66) 

^,, = (C72^)V3(i_e-*/*^)2, (67) 

A,p^{D'cy/'{l-e-'/'^f, (68) 

A^,- = L>(1 - e-'/'^y. (69) 
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Appendix B: An example 



In Sect. IV we have derived our main result, Eq.(37), depending on the 
phenomenological quantities C and D through the relations A and B [see 
Eq.(31)]. It would be pretty catchy whether we could a priori calculate 
them by means of the environmental physics, that is, employing a theory 
of nonequilibrium thermodynamics. Unfortunately, at the moment there is 
no such theory. Yet, we can envisage the following physical situation: We 
imagine an environment having /i, /2, and /s as subsystems, such that within 
1 1 the Brownian particle is described by our Fokker-Planck equation (12), 
while within I2 it is described by the Kramers equation (15), and within its 
dynamics turns out to be governed by the Smoluchowski equation (16). As 
outlined in Sect. Ill, supposing the equilibrium Maxwell-Boltzmann distribu- 
tion (14) to be a boundary condition in the regions I2 and /a, we determine 
from (15) the phase-space diffusion coefficient App — 2^kbT, and from (16) 
the x-space diffusion coefficient A,j.,j. = Owing to the constraint 

(13) wc find Axp = 2k bT. [In contrast with and App, it is interesting 
to note that the phase-space diffusion coefficient A^p is independent of the 
friction constant 7. That absence of a dissipation-fluctuation relation indi- 
cates a nonequilibrium physical situation] . Therefore, as a whole our medium 
I = Ii + I2 + Is could be considered as a thermal reservoir away from the 
equilibrium but with locally defined temperature concept. That Brownian 
particle is then characterized by our non-Markovian Langevin equations 



dP 
'dt 



dV 7p 



dX 



dX m 
P 

— + 

m 



2U-fKBT{l - e-*/*=) 



nl/3 



2tcKBT ^ 



1 - e-*/*= 



1/3 



and by the corresponding Fokker-Planck equation (12) in the form 
dJ^ d(A,J^) djApJ^) ^ kbT d^T ^ d^T ^ 

~ \ TT^ + 2kb1- ^ ^_ + 7Ksi ^z^. 



di 
with 



dx 



m 



IP 



m 



7 dx"^ 

{2KBTf 

ic7^(l-e-*/*-)_ 
{2kbTY 



dxdp 



1/3 



-t/tc 



nl/3 



ic7(l - e-*/*-) 



-t/tc 



(70) 
(71) 

(72) 

(73) 
(74) 
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In the nonequilibrium region the Kramers rate is given by (37) with j3 
1/kbT and 

2(a - 7) 



A 



m ( a^2KBT/-f + 



2 ' 



^ Am {2KBTfl^ 

(a -7) {luyi' 



1 + 



a(l - e-^"/*=) 



7 



(1 



-Ar/tc 



2/3 



In the case 7 ^ 2mti;fe and a ~ 7 + {w?ujI the rate reads 

r = !!!f^^g-(l/4ma;2)[(2«sT)/(7tc)2]i/3«(AT)g-y(a;i,)/«BT 

47r7 



with 

M(Ar) = (2-e-^"/*^)2(l-e 
We note that (77) may be written as 

1 



-AT/tc-j4/3g-2Ar/tc 



Tr^^n = _e-(V4mt^?)[(2«Br)/(7tc)^]V3«(Ar)p 

iiec[ 2 eL[ 



relating the nonequilibrium rate Fneq to the equilibrium one 

27r7 



(75) 
(76) 

(77) 

(78) 

(79) 
(80) 



which is obtained from (29) for 7 » 2mu;f,. In the Markovian limit, At » 
the nonequilibrium rate (79) reduces to Fneq = req/2. 



On the other hand, for the low friction case, 7 <^ mub, we obtain 



r; 



neq 



7 ^-(l/m^a>?)f2/.Br7/t;]i/3„(Ar)p, 



mojb 



eq 



(81) 



with 
v(At) 



1 mcj5 ' 



(1 - e-^^/*=) 



(l_e-^^/*=)4/3e-2Ar/tc_ (82) 



In Eq.(81), T^^q = (cJa/vr)e-^(^'')/'^sT jg obtained from (29) as 7 ^ 0. In the 
Markovian limit. At ^ tc, it follows that F^gq = (7/ma;ft)^/^Fgq. 
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On the basis of our stochastic model for a non-Markovian Brownian par- 
ticle out equilibrium, from Eqs. (79) and (81) we draw the conclusion that 
the performance of the nonequilibrium escape rate is too small compared to 
the equilibrium situation. 
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